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Abstract: In this paper, we show that there is a close relationship between generalized paracomplex manifolds and
Lie groupoids. We obtain equivalent assertions among the integrability conditions of generalized almost paracomplex
manifolds, the condition of compatibility of source and target maps of symplectic groupoids with symplectic form and

generalized paraholomorphic maps.
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1. Introduction
A groupoid is a small category in which all morphisms are invertible. More precisely, a groupoid (G, Gy) consists
of two sets G and Gy, called arrows and objects, respectively, with maps s,t: G — Gy called source and target.
It is equipped with a composition m : Go — G defined on the subset Gy = {(g,h) € G x G | s(g) = t(h)}; an
inclusion map of objects e : Gg — G and an inverse map i : G — G. For a groupoid, the following properties
are satisfied: s(gh) = s(h), t(gh) = t(g), s(¢g7) = t(g), t(g~') = s(g), g(hf) = (gh)f whenever both sides
are defined, g~'g = 1,(5), 997" = 1y(y). Here we have used gh,1, and g~' instead of m(g,h), e(z) and i(g),
respectively. Generally, a groupoid (G, Gy) is denoted by the set of arrows G. A topological groupoid is a
groupoid G whose set of arrows and set of objects are both topological spaces whose structure maps s, t, e, i, m
are all continuous and s,t are open maps.

A Lie groupoid is a groupoid G whose set of arrows and set of objects are both manifolds whose structure
maps s, t,e, i, m are all smooth maps and s, ¢ are submersions. The latter condition ensures that s and t-fibres

are manifolds.
One can see from the above definition that the space G2 of composable arrows is a submanifold of G x G

We note that the notion of Lie groupoids was introduced by Ehresmann [3].

On the other hand, Lie algebroids were first introduced by Pradines [8] as infinitesimal objects associated
with the Lie groupoids. More precisely, a Lie algebroid structure on a real vector bundle A on a manifold M is
defined by a vector bundle map p4 : A — T'M, the anchor of A, and an R-Lie algebra bracket on T'(A), [,]a

satisfying the Leibniz rule

[, fBla = flo, Bla + Lp,a)(f)B

for all a, 3 € T'(A), f € C*(M), where L,,(q) is the Lie derivative with respect to the vector field pa(a),

where T'(A) denotes the set of sections in A.
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On the other hand, Hitchin [5] introduced the notion of generalized complex manifolds by unifying and
extending the usual notions of complex and symplectic manifolds. Later the notion of generalized Kahler
manifold was introduced by Gualtieri [4] and submanifolds of such manifolds have been studied in many papers.

As an analogue of generalized complex structures on even dimensional manifolds, the concept of gener-
alized almost paracomplex manifolds was introduced in [6] and such manifolds have been studied in [6] and
[9].

Recently, Crainic [2] showed that there is a close relationship between the equations of a generalized
complex manifold and a Lie groupoid. More precisely, he obtained that the complicated equations of such
manifolds turn into simple structures for Lie groupoids.

In this paper, we investigate relationships between the complicated equations of generalized paracomplex
structures and Lie groupoids. We showed that the equations of such manifolds are useful to obtain equivalent

results on a symplectic groupoid.

2. Preliminaries

In this section we recall basic facts of Poisson geometry, Lie groupoids and Lie algebroids. More details can
be found in [7] and [10]. A central idea in generalized geometry is that TM @ T*M should be thought of as
a generalized tangent bundle to manifold M. If X and £ denote a vector field and a dual vector field on M,
respectively, then we write (X&) (or X 4+ £) as a typical element of TM & T*M . The Courant bracket of two
sections (X, &), (Y,n) of TM @& T*M =T M is defined by

[(X,8), (V)] = [X, Y] + Lxn — Iy€ — sdixn — iv€), (21)

where d, Lx and ix denote exterior derivative, Lie derivative and interior derivative with respect to X,
respectively. The Courant bracket is antisymmetric but it does not satisfy the Jacobi identity. Here, we use the

notations B(rfa) = m(a, B) and wy(X)(Y) = w(X,Y), which are defined as 7% : T*M — TM , wy : TM — T*M
for any 1-forms « and 3, 2-form w and bivector field 7, and vector fields X and Y. Also we denote by [, ]

the bracket on the space of 1-forms on M defined by
[, Blx = Lnto B — Lysga — dm(a, B).

On the other hand, a symplectic manifold is a smooth (even dimensional) manifold M with a non-
degenerate closed 2-form w € Q?(M). w is called the symplectic form of M. Let G be a Lie groupoid on M
and w a form on Lie groupoid G; then w is called multiplicative if

m*w = priw + priw,

where pr; : G x G — G, i = 1,2 are the canonical projections.

Similar to 2-forms, given a Lie groupoid G, a (1,1)-tensor J : TG — TG is called multiplicative [2] if
for any (g,h) € G x G and any v, € T,G, wy, € TG such that (vg,wp) is tangent to G x G at (g, h), so is
(Jvg, Jwy,), and

(dm)gn(Jvg, Jwp) = J((dm)g,n(vg, wh)).

A symplectic groupoid (G,w) is a Lie groupoid G with a symplectic form w on G such that w is

multiplicative. In this case, one says that G is a symplectic groupoid over Gj.
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We now recall the notion of Poisson manifolds. A Poisson manifold is a smooth manifold M whose
function space C°(M,R) is a Lie algebra with bracket {, }, such that the following properties are satisfied:

(i) {f.{g.h}} +{g,{n. f}} +{h, {f,9}} =0
(i) {fg,h} = f{g.h} +g{f. h}.

If (M,{,}) is a Poisson manifold, then there is a unique bivector 7 called the Poisson bivector, defined by
m(df,dg) = {f, g},
and a unique homomorphism 7 : T*M — TM with the vector bundle map given by
w(dh) = Xy, = {h.},

where X, is the Hamiltonian vector field determined by h € C*°(M,R).

It is also possible to define a Poisson manifold by using the bivector 7. Indeed, a smooth manifold is a
Poisson manifold if [, 7] = 0, where [,] denotes the Schouten bracket on the space of multivector fields.

We now give a relation between Lie algebroid and Lie groupoid. Given a Lie groupoid G on M, the
associated Lie algebroid A = Lie(G) has fibres A, = Ker(ds), = T,(G(—,z)), for any z € M. Any a € T(4)
extends to a unique right-invariant vector field on G, which will be denoted by same letter .. The usual Lie
bracket on vector fields induces the bracket on T'(A), and the anchor is given by p=dt: A — TM.

Given a Lie algebroid A, an integration of A is a Lie groupoid G together with an isomorphism
A = Lie(G). If such a G exists, then it is said that A is integrable. In contrast with the case of Lie
algebras, not every Lie algebroid admits an integration. However if a Lie algebroid is integrable, then there
exists a canonical source-simply connected integration G, and any other source-simply connected integration is
smoothly isomorphic to G. From now on we assume that all Lie groupoids are source-simply connected.

In this section, finally, we recall the notion of IM form (infinitesimal multiplicative form) on a Lie

algebroid [1]. More precisely, an IM form on a Lie algebroid A is a bundle map
w:A—TM
satisfying the properties
(i) (u(a), p(B)) = —(u(B), p(e)),
(i) u([a, B]) = La(u(B)) — Lg(u(a)) + d(u(e), p(8))

for o, 8 € T'(A), where p = ps and (,) denotes the usual pairing between a vector space and its dual.
If A is a Lie algebroid of a Lie groupoid G, then a closed multiplicative 2-form w on G induces an M

form wu, of A by
(uy(a), X) = w(a, X).

For the relationship between IM form and closed 2-form we have the following theorem.

Theorem 1 [1] If A is an integrable Lie algebroid and if G is its integration, then w +— u, s a one to one

correspondence between closed multiplicative 2-forms on G and IM forms of A.
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3. Lie groupoids and generalized paracomplex structures

In this section we first give a characterization for generalized paracomplex manifolds, then we obtain certain
relationships between generalized paracomplex manifolds and symplectic groupoids. We recall that a generalized

almost paracomplex structure J is an endomorphism on 7.M such that J2 = Id, where Id is the identity
map on 7 M. A generalized almost paracomplex structure can be represented by classical tensor fields as

Jz[“ “4, (3.1)

o4 —a

where 7 is a bivector on M, ¢ is a 2-formon M, a: TM — TM is a bundle map, and a* : T*"M — T*M is
dual of a, for almost paracomplex structures; see [9] and [11].

A generalized almost paracomplex structure is called integrable (or just paracomplex structure) if J

satisfies the condition
[javjﬁ]+[avﬁ]_j([javﬁ]+[a7jﬁ]) =0, (3'2)

for all sections o, 3 € TM.

In the sequel, we give necessary and sufficient conditions for a generalized almost paracomplex structure
to be integrable in terms of the above tensor fields. We note that the following result was stated in [9], but its
proof was not given in there. In fact, the proof of the conditions of the following proposition is similar to the
proposition given in [2] by Crainic for generalized complex structures. Although the conditions are similar to
the generalized complex case, their proofs are slightly different from the complex case. Therefore we give one

part of the proof of the following proposition.

Proposition 1 A manifold with J given by (3.1) is a generalized paracomplex manifold if and only if

(PC1) w satisfies the equation
(& nlw) = (7€), 7 ()]

(PC2) w and a are related by the two formulas

a*([§&mlx) = Lreg(a™n) = Lrey(a™€) — dm(a”,m); (3.3)
(PC8) m,a and o are related by the two formulas
a® +rloy = Id, (3.4)
NJ(X,Y) = 7lixay(do), (3.5)
where N, is the torsion tensor of a; and
(PC4) o and a are related by the two formulas

a*aﬁ = oja,

doo(X,Y,Z) = do(aX,Y,Z)+do(X,aY,Z) + do(X,Y,aZ)

for all 1-forms & and n, and all vector fields X, Y and Z, where 0,(X,Y) = 0(aX,Y).
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Proof We will obtain only the condition (PC3). The first equation of (PC3) is obtained from the equation
J? = Id. To prove the second part of (PC3), we take a = (X,0),8 = (¥,0) in (3.2) such that X and Y are

vector fields. Since Ja = (aX,04X) and JB = (aY,04Y), using (2.1) we get

[ja,jﬁ] = ([aX, aY],LaxaﬁY — LoyoyX + %d(UﬁX(aY) - UﬁY(aX)),

~JJa, 8] = (—a[aX,Y]—n*(—~LyoyX + %d(iyoﬁX), —o3[aX,Y]
+ a"(—LyoyX + %d(iyoﬁX))
and
~Jla, T8 = (—a[X,aY]—7*(~LxoyY — %d(iXUﬁY), —03[X, aY]
b (LxogY — gd(ixapY).
Thus, from (3.6), (3.7) and (3.8) we obtain
[aX,aY]+ [X,Y] —alaX,Y] — a*(—LyosX + %d(iyoﬁX))
—a[X,aY] —7*( - LxoY — %d(iXUﬁY)) =0,

where we have used [«, 8] = ([X,Y],0). Rearranging the above expression, we arrive at

[aX,aY]+ [X,Y] —alaX,Y] — a[X,aY]—n*(— Ly(ixo) + Lx(iyo)

1 . 1.
+ §d(lx/\yo') + §d(lx/\yo')) =0.
On the other hand, making use of the formula

iXAy(dO') = Lx(iyo') - Ly(ixo') + d(iX/\Yo') - i[X7y]0',

we get
—h (Lx(iyo) — Ly (ixo) + d(ixay o)) = — (ixay (do) +ifx,y)o)
= —7'(ji (ix/\y(da))
- (i),
Since

© (iix,v10) = 7 (03[ X, Y]),

from (3.4) we have

™ (ix,y)o) = —a®[X,Y] + [X,Y].
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Using (3.12) in (3.11), we derive

—t (LX (iyo) — Ly (ixo) + d(iXAYU)) = -t (iXAY (do) +ipx,y10
= —qf (ixAY(dU)) +a2[X7 Y]
- XY (3.13)

Thus putting (3.13) in (3.9), we obtain (3.5). The other assertions can be obtained in a similar way. O

We note that if (3.1) is a generalized paracomplex structure, then

7= ]
is also a generalized paracomplex structure. 7 is called the opposite of 7. In this paper we denote a generalized
paracomplex manifold endowed with J by M.
As an analogue of a Hitchin pair on a generalized complex manifold, a Hitchin pair on a generalized
almost paracomplex manifold M is a pair (w,a) consisting of a symplectic form w and a (1,1)-tensor a with
the property that w and a commute (i.e. w(X,aY) =w(aX,Y)) and dw, = 0, where w,(X,Y) = w(aX,Y).

Lemma 1 If 7w is a non-degenerate bivector on a generalized almost paracomplexr manifold M , w is the inverse
2-form (defined by wy = (7%)~1 ) and 7 satisfies (3.4), then 0 = w — a*w.
Proof For X € x(M), we apply wy to (3.4) and using the dual paracomplex structure a*, we have
(a")?ws(X) + o3(X) = wy(X).
Now for Y € x(M), since w and a commute, we obtain
waX,aY)+o(X,Y) =w(X,Y).

Thus we get
aw(X,Y)+0(X,)Y) =w(X,Y). (3.14)
Since the equation (3.14) holds for all X and Y, we get

c=w—a‘w.

We say that 2-form o is the twist of Hitchin pair (w,a).

A symplectic+paracomplex structure on M is a couple (w,J) consisting of a symplectic form w and a

paracomplex structure J on M, which commute.

Lemma 2 Let (M,w) be a symplectic manifold. (w,a) is a symplectic+paracomplex structure if and only if

dw, =0, w—a*w=0.
Proof We will only prove the sufficient condition. Since (M, w) is a symplectic manifold, then dw = 0. Since

dw, =0, w = a*w, by using the equation (see [2])
in, (x,v) (W) = laxAY +XAaY (dWa) = Gaxnay (dw) — ixay (d(a*w)) (3.15)
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we get iy, (x,v)(w) = —ixay(d(a*w)) = —ixay(dw) = 0. Hence, w(Ny(X,Y),e) = 0. Since w is non-
degenerate, then N, = 0. Thus a is a paracomplex structure. On the other hand, w — a*w = 0 implies that w

and a commute.
The converse is clear. O

Next we relate (PC1) and the 2-form w.

Lemma 3 If © is a non-degenerate bivector on a generalized almost paracomplex manifold M , and w is the

inverse 2-form, then 7w satisfies (PC1) if and only if w is closed.
Proof Applying £ =ix(w) and n =iy (w) to (PC1), we get
m(Lx (iy (W) — Ly (ix (@) — d(wY (rfwp X)) = [X,Y].
Since wy = (7¥)~1, we have
m(Lx (iy (@) = Ly (ix () = d(wY)(X)) = [X,Y]. (3.16)
Then applying wy to (3.16), we derive
Lx (iy (w)) = Ly (ix (w)) — d(wsY)(X) = wy([X, Y]).
Using (3.10), then we get
Lx(iyw) — Ly (ixw) + d(ix yw) — ix,yjw = ixay dw.

Since the left hand side vanishes in the above equation, then ix ydw = 0. Thus dw = 0. The rest of the proof

is completely analogous to the above calculations, and hence it can be omitted. O
Thus, we have the following result, which shows that there is close relationship between the condition
(PC1) and a symplectic groupoid.
Theorem 2 Let M be a generalized almost paracomplex manifold. There is a 1-1 correspondence between:
(i) Integrable bivectors m on M satisfying (PC1),
(ii) Symplectic groupoids (%,w) over M.
Since 7* and [,], define a Lie algebroid structure on 7*M , one can obtain the above theorem by the following

steps given in ([2],Theorem 3.2). We now give the conditions for (PC2) in terms of w and w,.

Lemma 4 Let M be a generalized almost paracompler manifold and w a symplectic form. Given a mon-
degenerate bivector m (i.e. = (wy)~™') and a map a: TM — TM, then m and a satisfy (PC2) if and only

if w and a commute and w, is closed.

Proof For a l-form &, we use £ = ixw = wyX such that X is an arbitrary vector field. Since

arf(ixw) = 7wha*(ixw), (3.17)

1

applying wy to (3.17) and using 7* = (wy)~!, we have

w(@X,Y) =a"(ixw)(Y),
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for a vector field Y. Hence we get
weX,Y) = w(X, aY).

Let ¢ and n be 1-forms such that § = ixw = wy(X) and 7 = iyw = wy(Y) for arbitrary vector fields X and
Y. Then from (3.3) we have

0" (Lt oy () (@4(Y) = Lty (v (w3 (X)) — dm(ixw,iyw)) = Ly, x)(@*wy(Y))
= Lai,iv)(a*wy (X))
— dr(atixw,iyw).
Since 7t = (wﬁ)_1 and a*iyw = tyw,, we obtain
a*(Lx(iyw) — Ly (ixw) —d(ivaxw)) = Lx(ivw,)
— Ly(ixwa)
— d(ivw(r* (wy(aX)))).
Using (3.10) for the left hand side, we get
a*(ixay (dw) +ipx,y)w) = Lx (iywa) — Ly (ixwa) — d(w(Y, aX)).
Since w and a commute, using this also for the right hand side, we have
a*(ixay (dw)) +ix,y|Wa = ixay (dwa) 4 i[x,vWa- (3.18)

Since w is closed, (3.18) implies that ixay (dws) =0, i.e. w, is closed. O
Let (M,w) be a symplectic manifold. Then it is easy to see that there is a one to one correspondence between
(1,1)-tensors a commuting with w and 2-forms on M. On the other hand, it is easy to see that (PC2) is
equivalent to the fact that a* is an IM form on the Lie algebroid T*M associated Poisson structure 7. Thus,

from the above discussion, Lemma 4 and Theorem 1, one can conclude with the following theorem.

Theorem 3 Let M be a generalized almost paracomplex manifold. Let w be an integrable Poisson structure

on M, and (X,w) a symplectic groupoid over M . Then there is a natural 1-1 correspondence between
(i) (1,1)-tensors a on M satisfying (PC2),
(i3) multiplicative (1,1)-tensors J on X with the property that (J,w) is a Hitchin pair.
For the generalized complex manifold case, see [2].

We recall the notion of generalized paraholomorphic map between generalized paracomplex manifolds.
This notion was given in [9] similar to the generalized holomorphic map given in [2].

Let (M;,J;), i = 1,2, be two generalized paracomplex manifolds, and let a;, ;, o; be the components of
J: in the matrix representation (3.1). A map f: M; — M; is called generalized paraholomorphic iff f maps
m into me, f*og =01 and (df) o a; = az o (df)[9].

We now state and prove the main result of this paper. This result gives equivalent assertions between

the condition (PC3), twist o of (w,J) and paraholomorphic maps for a symplectic groupoid over M .
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Theorem 4 Let M be a generalized almost paracomplex manifold and (X, w, J) an induced symplectic groupoid
over M with the induced multiplicative (1,1)-tensor. Assume that (w,J) satisfy (PC1), (PC2) with integrable

w. Then for a 2-form on M, the following assertions are equivalent.
(i) (PC3) is satisfied,
(it) w— J*w =t*c — s*0,
(iii) (t,s) : X — M x M s a generalized paraholomorphic map; condition of generalized paraholomorphic map
on M is (dt)oay = ag o (dt), this condition on M is (ds)oa; = —ag o (ds) ).
Proof (i)& (ii): Define ¢ = 6 — t*o 4 s*o, such that & = w — J*w and A = ker(ds)|y . We know from
Theorem 1 that closed multiplicative 2-form 6 on ¥ vanishes if and only if TM form ugp =0, i.e. (X, a) =0,
such that X € TM, a € A. This case can be applied for forms with higher degree, i.e. 3-form 6 vanishes if
and only if (X,Y,a) =0.
Since w and wy are closed, from (3.15) we get ixay (d(J*w)) = —in,(x,y)w. Putting 0 = w — J*w, we

obtain
ixay (do) = in, (x,y)w- (3.19)

Since d¢ = 0 < dp(X,Y,a) =0, we have
dé(X,Y,a) = 0 & do(X,Y,a) — d(t*0)(X,Y, a) + d(s*0)(X, Y, a) = 0.

On the other hand, we obtain
d(t* o) (X,Y, ) = do(dt(X), dt(Y), dt(a)). (3.20)

If we take dt = p in (3.20) for A, we get
d(t*0)(X, Y, @) = do(dt(X), dt(Y), p(a)). (3.21)
On the other hand, from [1] we know that
Ids, =mo (t,Idy). (3.22)
Differentiating (3.22), we obtain
X = di(X). (3.23)

Using (3.23) in (3.21), we get
d(t*o)(X,Y,a) = do(X,Y, p(a)).
In a similar way, we see that

d(s*0)(X,Y,a) = do(ds(X),ds(Y), ds()).

Since « € kerds, then ds(a) = 0. Hence d(s*0) = 0.

Thus we obtain
d5(X,Y, a) = do(X, Y, pla). (3.24)

Using (3.19) in (3.24), we derive
w(N;(X,Y),a) =do(X,Y, p(a)). (3.25)
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On the other hand, it is clear that ¢ =0 < 0 — t*o + s*oc = 0. Thus we obtain
7(X,a)=0(X, p(a)).

Since 0 =w — J*w, we get
w(a, X) —w(JX, Ja) = o(X, p(a)). (3.26)

Since Poisson bivector 7 is integrable, it defines a Lie algebroid whose anchor map is p = 7*. Let us use !
instead of p in (3.25) and (3.26); then we get

w(N;(X,Y),a)=do(X,Y, 7" (a)), (3.27)
w(a, X) —w(JX, Ja) = o(X, 7% (a)).
Since w(a, X) = a(X), wi(a, X) = a(JX), from (3.27) we have

—a(Ns(X,Y)) do(X,Y, 7% (a))

= iXAydO'(Fﬁ(a))

= F(a,ix/\yda)

= —a(ﬂﬁ(ix/\yda)),

ie. CY(NJ(X,Y)) = a(ﬂﬁ(ix/\yda)).

Since the above equation holds for all non-degenerate «, we get
N;(X,Y) = (ix ydo). (3.28)

On the other hand, from (3.26) we obtain

—a(X) + a(a®X) = ixo(r*(a))
= w(a,ixo)
= —a(rfoyX).
Thus we get
a? +rioy =1 (3.29)

Then (i) < (ii) follows from (3.28) and (3.29).

(i) & (iil): w— J*w = t*o — s*o says that (¢,s) is compatible with 2-forms. Also it is clear that (¢, s)
and bivectors are compatible due to ¥ being a symplectic groupoid. We will check the compatibility of (¢, s)
and (1, 1)-tensors. From the compatibility condition of ¢ and s, we will get dtoJ = aodt and dsoJ = —aods.
For all « € A and V € x(X), we have

w(a, V) = w(a,dtV)
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which is equivalent to

a(V) = (uy(a), dtV).

Since u, = Id and u,, = a*, we get

(o, a(dt(V))) a(a(dt(V)))
= a*a(dt(V))
= (uw,@,V)

= w(a,JV)

= w(a,dt(JV))

= (a,dt(JV))

since this equation holds for all « € A, a(dt) = dt(J). Using s =toi,

a(ds(V)) = ad(tod)V
= a(di(di(V)))
= —a(dt(V))
—  —ds(JV),
which shows that a(ds) = —ds(J). Thus the proof is completed. O
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