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Abstract. In this paper, we extend the definitions of various kinds of conver-
gence from ordinary (single) sequences to double sequences of closed sets. We
examine the relationship among them. Also, we introduce monotone double

sequences of sets and analyze the limit of monotone double sequences of sets.
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Kapali kiimelerin ¢ift dizilerinin yakinsaklig1 tizerine
Ozet. Bu caligmada, kapali kiimelerin tek dizileri i¢in verilen yakinsaklik
gesitlerini ¢ift dizilere geniglettik. Bu yakinsaklik cesitleri arasindaki iligkileri
inceledik. Bir de monoton ¢ift kiime dizilerini tanimlayarak, bu dizilerin lim-

itlerini aragtirdik.

Anahtar kelimeler. Kiime degerli fonksiyonlar, ¢ift kiime dizileri, Kura-

towski yakinsaklik, Hausdorff yakinsaklik, Wijsman yakinsaklik, Fisher yakinsaklik.

1 Introduction

The concept of convergence for double sequences was initially introduced by Pringsheim
[25] in the 1900s. Since then, this concept has been studied by many authors, [1,8,/12,21]
22]26129130,/36].
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Set-valued functions are an important mathematical notion and play a crucial role in
several practical areas. Continuity properties of a set-valued mapping can be defined on
the basis of convergence of sequence of sets [2,/10,15}|16}{18]|20127./35]. There are different
convergence notions for sequence of sets, which have significance for certain applications.
The best known of them are Kuratowski convergence [17], Hausdorff convergence [13]/14],
Wijsman convergence [33,[34] and Fisher convergence [11]. Concerning these types of
convergence, the reader could consult the book of G. Beer [4] and the survey paper of
Baronti and Papini [3]. See also [5,/7,[19,31}/32].

The purpose of this paper is to extend basic results known in the literature from
ordinary (single) sequences of sets to double ones.

The plan of the paper is as follows: In Section 2, we give some fundamental definitions
and the basic notations for the different types of convergence of sets. In Section 3, we
give the related results on Kuratowski convergence for double sequences of closed sets. In
Section 4, we emphasize on the other types of convergence for double sequences of closed
sets. Also, the relations among various types of convergence are investigated. In the final

section, we examine monotone double sequences of sets.

2 Definitions and notation

A double sequence x = () is said to be convergent to [ in the Pringsheim [25] sense
(briefly as P-convergent) if for given € > 0 there exists an integer ng such that |z, —1| < e
whenever j, k > ng. We write this as
j,ll<:i£)noo i =1,

where j and k tend to infinity independent of each other. We denote by C,, the space of
P-convergent double sequences. Throughout this paper limit of a double sequence means
limit in the Pringsheim sense.

A double sequence x = (z;1) is said to be Cauchy double sequence if for every ¢ > 0
there exists N € N such that |z, — zjx| <eforallp>j>N,q¢>k> N.

A double sequence x is bounded if

|l = supjklzjr| < oco.

Note that, in contrast to the case for single sequences, a convergent double sequence

need not be bounded.
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The idea of convergence in the Pringsheim sense can be extended to a double sequence
of points of a metric space. We say that a double sequence x = (z;1) of points of a metric

space (X, d) P-convergence to a point [ € X if

lim d(zjx,1) =0.

j,k—o0
Patterson [23] gave the definition of subsequence and the Pringsheim limit point of a
double sequence.
A number L € X is said to be a Pringsheim limit point of a double sequence (z;i) if

there exist two strictly increasing sequences (j;) and (k;) such that

lim x5, = L.
11— 00

The set of all Pringsheim limit points of a double sequence (z;;) will be denoted by P,.
Patterson [24] gave the definition of the Pringsheim limit inferior and limit superior

of double sequences of real numbers.

Definition 2.1 [24] Let x = (xy;) be a double sequence of real numbers and for each n,

let ay, = sup, {xx; : k,0 > n}. The Pringsheim limit superior of x is defined as follows:
(i) if an = +oo for each n, then lmsupy ;. Tk := +00;
(i) if a, < +oo  for some n, then limsupy ;. Tx = inf,{a,}.

Similarly, let B, = inf,{xy : k,1 > n} then the Pringsheim limit inferior of x = (x;)

1s defined as follows:
(1) if B, = —oc0 for each n, then liminfy ;. Tk = —00;
(i) if B, > —oo0 for some m, then lminfy ;o xp = sup,{fn}-

Let (X, d) be a metric space and A C X, z € X. Then the distance from a point x
to a subset A of X is given by

d(z, A) = alIelg d(z,a),

where we set d(z,0) := oo. As long as A is closed, having d(x, A) = 0 is equivalent to
having = € A.
For each closed subset A of X, the distance function = — d(., A) is Lipschitz continu-

ous, i.e., for each z,y € X,

|d(z, A) — d(y, A)| < d(z,y). (2.1)
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For sets A and B in X, the excess of A beyond B is defined by

§(A,B) =supd(z,B) if A#£0; 46(0,B)=0.
r€A

The Hausdorff distance between two sets A and B, denoted by h(A, B), is defined as

follows:
h(A, B) = max (6(A, B),§(B, 4)) (< +0) (2.2)

unless both A and B are empty in which case h(A, B) = 0. Note that if only one of the
two sets is empty then h(A, B) = cc.
Equivalently, the Hausdorff distance between two nonempty sets A and B in X can

be expressed by

WAB) = suwpld, A) — d(z, B)| (2.3)

The open ball with center  and radius € > 0 in X is denoted by B(z,¢), i.e.,
B(z,e) ={y € X | d(z,y) < €}
For any set A and € > 0, we denote the open e-enlargement of A by A<, i.e.,

A*={rxe X :d(z,A) <e} = U B(z,e¢).
€A

Note that A® is convex if A is convex. Also,

A= (A and A ={z€X :dx,A) <c}.

e>0
For any B C X, we have §(B,A) = inf{e > 0: B C A%}. By Q(x), we denote the set of

neighborhoods of x.
Let (E,| - ||) be a real normed vector space. For u,v € E, we donete by [u,v] the

closed segment joining u and v, i.e.,
[u,v] = {Au+ (I —Xv:\el0,1]}.

Also, e, = (0,...,0,1,0,...), where 1 is at n*" place.
Let us recall definition of Kuratowski, Hausdorff, Wijsman and Fisher convergence of
sets.

We use the following notation:
N = {NCN:N\N finite}
:= {subsequences of N containing all n beyond some ng},

N# = [N CN: N infinite} = {all subsequences of N}.
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Definition 2.2 [17] Let (X, d) be a metric space. For a sequence (Ay,) of subsets of X ;
the upper limit is the set

limsup 4, = {a:|VV€Q(x), N e N#, VnGN:AnﬂV%@}

n—oo

= {x | IN e N#, ¥n e N, 3z, € A, : 116%% :x}

while the lower limit is the set

n— oo

liminf A4, := {m|VVEQ(m), aN e N, VnEN:AnﬂV#(D}
= {x|3N€N, Vn € N, HanAnzliI%xn—x}.
ne

The limit of the sequence of sets exists if the outer and inner limit sets are equal, that
is,
lim A, =liminf A,, = limsup 4,.
n—00 n—00 n—o00

For some properties of upper and inner limits we refer to [4}5}/19}/27}/28}31}32].

Definition 2.3 [14] A sequence (A,)nen of closed subsets of X is said to be Hausdorff
convergent to a closed subset A of X if lim, oo h(Ay, A) = 0, in which case we write
H —lim, o A, = A. (Note that Hausdorff convergence must be defined for closed sets

since otherwise limit sets are not well-defined).

Definition 2.4 [34] Let (X, d) be a metric space. For any non-empty closed subsets A,
A, C X, we say that the sequence (A,,) is Wijsman convergent to A if

lim d(z, A,) = d(z, A)

n—oo

for each x € X. In this case we write W — lim,, o, A, = A.

Definition 2.5 [11] Let (A, )nen be a sequence of subsets of a metric space X. (Ap)

converges to A according to Fisher if the following conditions hold:
(i) For any e > 0 there exists n. such that 6(An, A) < & for n > n,
(i1) for any e >0 and x € A, there exists ne 5 such that d(z, Ay,) < e forn > ng,.
In this case, we write F' — lim,, oo A, = A.

We always have the implication H == F = W = K. The opposite implication holds if

there is a compact set K which contains A and every A,, (see [3, Proposition 1, Proposition

9]).
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3 Kuratowski convergence for double sequence of sets

In this section, we introduce Kuratowski convergence for double sequence of sets. We give
the definition of upper and lower limit of double sequence of sets. We get some equivalent
conditions to the definition.

For operational reasons in handling statements about sequences, it will be convenient

to work with the following collections of subsets of N?. We use the following notation:

Ny = {M CN?|there exists n € N such that (k,1) € M for all k,1>n}

= {MCN?*|3neN:(kl)e M, Vk,l>n},

NF = {MCN?|forall neN thereexist k,I>n such that (k,1)e M}
= {MCN?|VneN, 3kI>n:(kl) €M}

Definition 3.1 Let (Ag)k,ien be a double sequence of subsets of a metric space X. We
say that the subset

limsup Ay = {Q:EX|V€>O, 3N e N, Y(k,1) € N : Ay N B(x,¢) 75(/)}

k,l—o00
= {:L'GX|VE>0, Vn €N, EIk,l>n:B(x,5)ﬂAkl7$(Z)}
is the upper limit of the double sequence (Ay;) and that the subset

liminf Ay, = {JL‘ e X | Ve >0, IN € Ny, V(k,l) e N: Ay ﬂB(I,e’:‘) @}

k,l—o0

4
{x€X|Ve>0, In € N: B(z,e) N Agy # 0, Vk,lZn}
1s its lower limit. Moreover, if there exists a set A C X such that
A =liminf Ay, = limsup Ag;,
k,l—o00 k,l—00
then we write limy, |_yoo Ay = A (or Ko —limy, 1,00 Ay = A), and we say that the double
sequence (Ay;) converges to A in the sense of Kuratowski.
Moreover, it’s clear from the inclusion Ny C ./\/'2# that
liminf Ay C limsup Ay
k,l—o0 k,l—00

so that in fact, limy ;oo Ax; = A if and only if

limsup Ay € A C liminf Ay;.

i
k,l—00 k,l—o0
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Remark 3.1 limy ;o0 A = A if and only if the following conditions are satisfied:

(i) For every x € A and for every € > 0 there exists n € N such that B(z,e) N Ay # 0

for every k,1 > n;

(i1) for every x € X \ A there exist € > 0 and n € N such that B(z,e) N A = O for

every k,l > n.

Example 3.1 Define, in R, (Ag) by

0,9 , k=1,
[0,k] =1,
A =
0,1] , k-liseven, k>1,1>1,
[-1,0] , k-lisodd, k>1,1>1,
liminfy ;00 Apr = {0}, and limsupy, ;o Ax = [-1,1].

Example 3.2 Define, in R, (Ag) by

(—F (1)
A 2
ki 0 + ]
Then we have lim Ay, = [0, 2] := A, whereas each column and row of the double sequence

(Ag1) does not converge to A.

Lower and upper limits of double sequences of sets can be described alternatively by

the following formulas.

Proposition 3.2 Let (Aki)kien be a double sequence of subsets of a metric space X.

Then,

léfflngklz ﬂ cl U A and l;crrllsupAkl: ﬂ cl U Apy.

NeNF (kDeEN e NeN: (kl)EN

By Proposition the sets liminfy ;oo Agr and limsup, ;. Ak are closed in X.
Moreover, by definition of N5, we have that

limsup Ay = ﬂ cl U Ap;.

k,l—o0 neN  kl>n
Proposition 3.3 Let (Aki)k1en be a double sequence of closed subsets of a metric space

X. Then,
(i) Hmsupy, ;oo A i= {2 € X : liminfy ;o d(z, Ayy) = 0},
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(’LZ) lim infk,l_,oo A = {SC € X: hmk,l—mo d(x, Akl) = 0}

The proofs can be carried out in the same way in the case of a single sequence (see [4,
Proposition 5.2.2], [10, Proposition 3A.1]).

For a double sequence (Ag;) of nonempty sets in X upper and lower limit sets can
be described equivalently in terms of the double sequences (yx;) that can be formed by

selecting an yy; € Ay for each (k,1) € N2,
Proposition 3.4 If (Ak)kien is a double sequence of sets in a metric space X, then

liminf Ay, = {x | there exists a double sequence (yi),
k,l—o00

Ykt € Agr for any k,l € N, with lIm yg = x}
k,l—o0

Proof. Sufficiency is obvious. For necessity, let z € liminfy ; o A, be arbitrary. We

have for every € > 0 there exists ng € N such that
Ag N B(z,e) #10
for every k,l > ng. Let us take ¢ = %, 1 =1,2,3,.... Then there exists ny € N such that
A N B(x,1) #0
for every k,l > nq. By the same argument, there exists no € N such that
A B((w, ;) 29
for every k,l > no. Continuing in this way, there exists n; € N such that
A NB (m,i) #
for every k,l > n;. Let us form ny < ng < --- <n; <--- and define the sequence
yp € AN B (am 1) (k1) € M; \ M1, 1=1,2,..,

where

Ykt € A can be chosen arbitrarily for k,1 < n;. Then, we get limy ;oo Yy = . W

Proposition 3.5 If (Ax)kien is a double sequence of sets in a metric space X, then

lim sup Ag; :{x | there exist increasing two sequences k;,l;,
k,l—oc0

(3.1)
Ykil; € A/ﬁlz‘ fOT any i € N? with hm Y1, = x}
i—00
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Proof. Let z € limsupy,;_,, A be arbitrary. We have for every ¢ > 0 and n € N there
exist k,l > n such that
AN B(.’E,E) 75 .

For e =1 and ny = 1 there exist k1,11 > ny such that
Ak1l1 N B($, 1) 7é 0.
For e = % and ny = max {ky,l1} + 1 there exist ka,ls > ng such that

Akzlz nB <f£, ;) 7é @

For ¢ = 1 and n3 = max {ky, [} + 1 there exist ks,l3 > n3 such that

Ak313 NnB (a?, ;) =+ 0.

Continuing in this way, for e = + (i = 1,2,3,...) and n; = max {k;_1,l;_1} + 1, there

exist k;,l; > n; such that
1
Apa, N B(l’, Z) # 0.

Hence, we can construct the sequences (k;) and (I;) such that

1
Yk,l; € Akili NnB (1‘, )
1

exist, i.e., Yk, € Ak, and d(yg,i,, ) < . This means that lim;_oc yx,;, = . Therefore
x belongs to the set in the right-hand side of equality .

On the contrary, assume that x belongs to the right-hand side set of equality .
Then, there exist two subsequences (k;), (I;) of positive integers such that yi,;, € Ag,1,
for any ¢ € N and lim;_,oc yx;;, = 2. In this case, for every € > 0 there exists ng such
that d(yg,1,,x) < € for i > ng, i.e., yr,1, € B(x,e). Since the sequences (k;) and (I;) are
increasing for all n € N, there exist k;,l; > max{n,no} such that yy,;, € Ag,, N B(z,e),
ie.,

Akili N B(JE,&) #* 0.

Hence x € limsupy, ;oo Ari- ®
By Proposition and Proposition note that liminfy, ;o Ay is the set of limits
of double sequences (yx) with yz € Ay for any (k,1) € N? and limsupy, ; ., A is the

set of Pringsheim limit points of double sequences y; € Ay for any (k,1) € N2

Corollary 3.6 Let X be a normed linear space and (Ag;) be a sequence of convex subsets

of X. Then liminfy ;oo Ag is convex and so, when it exists, is limy ;o0 Api.
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Proof. Let liminfy ;o Ay = A. If 2y and z2 belong to A, by Proposition @, for
all k,] € N we can find the points y,il and y,%l in Ay such that limy ;oo yél = z1 and

limy, ;00 Y3; = @2. Then for arbitrary A € [0,1] let us define
y,i‘l =1 =Ny, +M\yZ and )= (1 — Nz + Azs.

Then, limg ;o y7y = o. By Proposition we obtain ) € A. This means that A is

convex. N

Proposition 3.7 |3 Proposition 10] Let X be a finite-dimensional normed linear space
and (Ay) be a sequence of closed convex subsets of X. If lim, ,oo A, = A # 0 with A

compact. Then, | J°—, A, is bounded.

n=1

Now, we give an example which shows that Proposition [3.7] is not valid for double

sequences.

Example 3.3 Define (Ax;) by

[*k7 k] ; [ = ]-a
Akl =
(2,3] , otherwise.
Then (Axi) is a double sequence of closed convex subsets of R and limy, ;o0 At = [2,3].

However, Uzoz:1 A = R is not bounded.

4 Other types of convergence for double sequence of

closed sets

In this section, we introduce three kinds of convergence for double sequence of sets. We

get the relations among types of convergence.

Definition 4.1 A double sequence (Agi)k 1en of closed subsets of X is said to be Hausdorff
convergent to a closed subset A of X if limy o0 h(Aki, A) = 0, in which case we write

Hy —limg ;00 Apy = A.

Definition 4.2 Let (A)rien be a double sequence of closed subsets of X. (Ag1) con-

verges to A in the sense of Fisher if the following conditions hold:

(o) : For any € > 0 there exists ne such that 0(Ag, A) < € for k,l > ne,
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(B) : for any e >0 and x € A, there exists n. ; such that d(x, Aw) < € for k,1 > n. .
In this case we write Fy — limy, o0 Ay = A.

Definition 4.3 Let (Axi)x,1en be a double sequence of subsets of a metric space X. (Ag)
converges to A in the sense of Wijsman if for any x € X we have limy ;o0 d(z, Agy) =

d(z, A). In this case we write Wa — limy ;00 Ay = A.

Lemma 4.1 Suppose that {A; Ay, k,l € N} is a family of closed subsets of X. Then
Hy —limy ;00 A = A if and only if either A and Ay are empty for all k,1 > ng or for

any € > 0 there exists n. such that for k,l > n.,
AC A5, and Ay C A°. (4.1)

Proof. Note that limy ;o h(Aki, A) = 0 if and only if either A and Ay; are empty for
k,l > ng or for all £ > 0, there exists n. such that for all k,1 > n. = h(Ag, A) < e, or

equivalently
sup{d(z,A) |z € A} <e and sup{d(z,Ay) |z € A} <e.
This is exactly the meaning of ]

Remark 4.2 From Lemma Hy —limy o0 Ag = A is equivalent to conditions ()
and (y) : for any € > 0 there exists ne such that (A, Ax) < € for k,1 > ne.

The following theorem exhibits the main relationship among these types of conver-

gence.
Theorem 4.1 For double sequences of closed sets we always have Hy = Fy = Wy = K.

Proof. Hy = F5. Since property () implies property (), the proof is obvious.

Fy = Ws. Let Fy — limg ;oo Ay = A. If A = (), then there exists n € N such that
Ap; = 0 for all k,1 > n and the implication is true. Now suppose that A # (). Given e > 0
and x € X. Then by condition («) there exists n. such that Ay C A¢ for all k,1 > n..
Thus, d(z, Ag;) > d(x, A%). Now, it is not difficult to see that

d(z, A%) = max{0,d(z, A) — e}.
Therefore, d(z, A) < d(z, Ap) + € for k,1 > n.. This implies

d(z,A) <liminf d(z, Ag). (4.2)

k,l—o00

40



Yurdal Sever, Ozer Talo, Bilal Altay

To obtain the converse inequality, let y € A with d(x,y) < d(x, A) 4+ €. By condition (3)
there exists n. , such that for k,! > n. , we have d(y, Ax;) < e. Thus by (2.1)),

d(maAkl) < d(x,y) + d(yvAkl) < d(l‘,A) + 2e.

This implies

limsup d(z, Ag;) < d(z, A) + 2¢.

k,l—o0

Since ¢ is arbitrary

limsupd(x, Ag) < d(z, A). (4.3)

k,l—o00
Combining and , we have limy, ;o d(x, Ag) = d(z, A) which is desired.

Wy = Ks. Let Wo —limy, ;00 Ay = A If A = 0, then limg ;o0 d(z, Agy) = oo for any
x, which implies limsupy, ;_,., Ak = 0, so limy ;o0 Ay = A. Now suppose that A # (;
take x € A, so

lim d(l‘, Akl) = d(ZE,A) =0.

k,l—o0

This implies € liminfy, ;o A, SO

A g lim iankl' (44)

k,l—o00
Now take x € limsupy, ;_, o, Agi- Then liminfy, ;o d(z, Agr) = 0. Since Wo—limy, ;00 Ay =
A, we get
d(z,A) = lim d(z,Ax) = 0.

k,l—o00
Thus, € A. This means that

limsup Ay, C A. (4.5)

k,l— o0

By inclusions (4.4) and (4.5) we obtain limy ;oo Ay = A. ®

Now we give some examples which show that the converses of the implications in

Theorem [£:1] are not true in general.
Example 4.1 Let X = (2. Define the double sequence of sets

At = [e1, emax{k,i}]-

Then limg ;oo A = A = {e1} but Wy — limy ;00 At # A, since d(0, Ay) = % and
dg,A) =1.
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Example 4.2 Let X = R2. Take the double sequence of sets

1

Akl::{(x,y):()gxgk-l; Ogygklas}.

We have Wo—limy, ;00 Ay = A, where A = {(z,y) : 0 < z;y = 0} but Fo—limy, 1,00 Aps #
A.
Example 4.3 Let X = R. Tuake the double sequence of sets

Akl = [7(16' + l), (k? + l)}

We have F2 — limk’lﬁoo Akl =R but H2 — likaﬁoo Akl 75 R.

Lemma 4.3 Let (X,d) be a metric space and K be a compact subset of X. Then, we
have K N P, # 0 for every double sequence (1) with {(k,1) : zx € K} € NF .

Proof. Since M = {(k,l) : zjy € K} € J\f2#7 let us denote the first terms of elements of
M by k; and the second ones by ;. Then (k;) and (I;) are increasing sequences. Let us
define y; = xy,;, for all i € N. Since, the sequence (y;) belongs to the compact set K,
there exists a subsequence (y;, ) such that

lim ;,

= lim xx, 1, =yo € K.
n—o00 n—00 non

It is trivial that yg is a Pringsheim limit point of the sequence x. Hence K NP, # (). m

Definition 4.4 The double sequence (Ayy) is said to be Pringsheim bounded if there exists
a compact set K and n € N such that Ay C K for all k,1 > n.

The next theorem shows that for a Pringsheim bounded double sequence of closed sets

the types of convergence mentioned above are equivalent.

Theorem 4.2 Let (Ay;) be a Pringsheim bounded double sequence of closed subsets of
X. If limk,l Akl = A with A 7é (Z), then H2 — lim Ak:l = A.

Proof. lim;; Ay, = A. Hence, the closed set A is compact. Then given € > 0, A has a
finite cover with open balls of radius ¢, i.e., there exists {z1,z2,23,...,2,} with z; € A

such that

Aggg@;)
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Since A # Qand z; € Afori € {1,2,...,n}, we obtain limy, ;. d(z;, Ag;) = 0. Therefore,
there exists n € N such that d(z;, Ax) < § for k,I > n and each i. Thus, for any y € A
we obtain

d(y, Aw) < d(y, x:) + d(zs, Arr) < e.

Hence, A C A3, for every k,l > n.
Now, suppose that there exists € > 0 such that for all n € N we have Ay, € A° for
some k,l > n. That is,
M ={(k,1): Ay € A%} € NF.

Hence, there exists a sequence {yp, (k,1) € M |y € Ar\A°} C K. By Lemma[£.3] the
sequence (yr;) has at least Pringsheim limit point that belongs to limsupy,; ., Ax = A
but does not belong to A° O A. This is a contradiction, so there exists n € N such that
A C A§, for every k,l > n, which completes the proof. m

The following result is analogue of Lemma 3.4 due to Beer [6].

Theorem 4.3 Let (X, d) be a metric space and let (Ag;) be a double sequence of nonempty
closed subsets. Suppose (d(.,Ag;)) is pointwise convergent to a finite-valued function.

Then (Aw) is Kuratowski convergent.

Proof. In order to prove the theorem, we only need to show lim supy, ;_, ., Axr C liminfy ;o0 Apr.
Take an arbitrary z € limsupy ; ., Ax and let ¢ > 0. By Cauchyness of (d(wz, Ax)),
choose N € N such that

kalapaq > N = |d(]"7Akl) - d(vaP‘Z” < g
Then choose r, s > N such that B(xz, §) N A, # (). For these r, s we have

d(z, Agy) < d(z,Ars) + |d(z, Agy) — d(z, Arg)| < €.

This means Vk,l > N, we have B(z, )N Ay # 0. By definition we get « € liminfy, ;o0 Ak
and this step completes the proof. m

The following theorem shows that in normed linear spaces Wijsman convergence of
double sequences of closed sets can be expressed in terms of Kuratowski convergence of

closed enlargements. This result was obtained by Dolecki [9] for single sequences of sets.

Theorem 4.4 Let (X, | -||) be a normed linear space. Let (Ay;) be a double sequence of
closed subsets of X, and let A be a closed set. Then (Ag) is Wijsman convergent to A
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if and only if for each € > 0, the double sequence of e-enlargements A3, is Kuratowski

convergent to Ae,

Proof. Sufficiency holds in an arbitrary metric space. First, suppose that xq € X is
fixed and d(xg, A) < e. Choose a scalar 8 with d(zg, A) < 8 < e. Clearly, x € AP and
by assumption,

A7 it AL

Thus, there exists n € N such that for each k,l > n, we have
B(wo,e — B) N AP £ 0.

Therefore we have d(xg, Ag;) < € for each k,1 > n. On the other hand, suppose that for
each n € N there exist k,l > n such that d(zg, Ax;) < e. That is, 2 € Til From that it
follows

xo € limsup AF, C Ag
k,l—o0

in which case d(zg, A) < e. Thus, d(xg, A) > € ensures that there exists n € N such that
for each k,l > n, we have d(xg, Ag;) > €.
For necessity, fix € > 0. We must show that
A¢ C lim inffil and lim supfil C Ae,
kyl—oc0 k,l—oc0

For the first inclusion, fix zo € A¢ and let § > 0. Choose a € A with

]
lxzo —all < e+ 3

By Wijsman convergence, limy, ;oo d(a, Ag;) = d(a, A) = 0. Therefore, there exists n € N
such that for each k,I > n, we have d(a, Ay) < %. Then for each k,I > n, there exists
ag € Ay such that

[ | <
a a .
kl 9

Then ||zg — axi]| < € + 0 and so the line segment joining xg to ay; contains a point of

B(x0,6) N A3, for k,1 > n and the inclusion
A€ C liminf A,
k,l—oc0

follows. For the second inclusion, let zo € limsupy, ;o A%, be arbitrary. For each § > 0

and n € N there exist k,l > n such that
B((E(), 5) N Aiil # @
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and so d(zg, Ag) < € + 6. By Wijsman convergence, we get

d(zg, A) = liminf d(zo, Ax) < €.

k,l—o0

This means that xo € A€, and so lim SUP 100 Az, C A% as required. m

5 Monotone double sequences

In this section, we introduce monotone double sequences and examine limit of monotone

double sequences of sets.

Definition 5.1 (A en is called an increasing double sequence of sets if the following

conditions hold:
(i) For each k € N and for every l € N, Ay C Ay 141,
(i) for each !l € N and for every k € N, A C Apy1.

Theorem 5.1 Suppose that (Agi)k,1en i an increasing double sequence of closed subsets
of X. Then limy; Ay exists and
G A =l U 4w
k,leN
Proof. Let A = clUkJeN Ayy. Clearly Ay C A for all k,1 € N. Thus if A is empty, it
follows that Ay is empty for all k,I € N and the theorem holds trivially.

Now we assume that A is nonempty and take z in A. In this case, for every ¢ > 0

B(z,e) N U A | #0.

k,lEN
Then there exist k1,11 € N such that B(z,e) N Ag,, # 0.

Let us define n = max {ky,l;}. Since (Ax;)rien is an increasing double sequence, for
all k,1 > n, Ag,;, C Ag. Hence, B(z,e) N Ag; # 0 for all k,I > n. This means that
z € liminfy ;o0 Aw.

It remains to show that limsupy, ; ., Ax C A. Let x € limsupy, ;_, . Ag be arbitrary.
Then for every € > 0 and every n € N there exist k,l > n such that B(z,e) N Ay £ 0. It
follows that

B(z,e) N U Aw | #0,
k,lEN

and thus x € ¢l Uk,l Ag; = A. This completes the proof. =
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Remark 5.1 (8) property in the definition of Fy convergence of (Ag;) to A means that

limy ;00 d(x, Agr) = 0 for every x € A, i.e.,
A Q lim inf Akl~
k,l—oc0

Therefore, we obtain the following equivalence: In the case when (a) holds, Fo—lim Ay =
A is equivalent to limy ;oo Agy = A. For an increasing double sequence (Agi)k,ien we have
(a), so

Fg* lim Akl:d U Akl~
k,l— o0
k,leN

In general, we do not have
H2 — lim Akl =cl U Akl»
k,l—o0
k,lEN

as shown by Example [{.3

Definition 5.2 (Ap)k,en s called a decreasing double sequence if the following condi-

tions hold:
(i) For each k € N and for every l € N, Ay D Ap 41,
(i) for eachl € N and for every k € N, Ag O A1

Theorem 5.2 Suppose that (Ax)kien is a decreasing double sequence of closed subsets
of X. Then limy ;o0 Ay exists and
hm Ap = ﬂ Ap.
k,lEN
Proof. Let A = ﬂk,leN Ay, Clearly if x € A, then for every k,l € N, x € Ay and
B(z,e) N Ay # 0. This means that = € liminfy, ;o Ag.

It remains to show that limsupy ; ., Ak € A. Let x € limsupy, ;_, . Ag be arbitrary.
Then for every k,I € N and for every ¢ > 0 there exist k1,l; > max{k,l} such that
B(z,e) N Ak, # 0.

Since (Agi)k,ien is a decreasing double sequence, Ay,;, € Ay Hence, B(z,e)N Ay # 0
for all k,I € N. This means that x € clAg;. Since Ay is closed, x € Ag;. Therefore,

S ﬂk,leN Ag;. This completes the proof. m

Example 5.1 Let X = (2. Define the decreasing double sequence of sets
Apr =: {1, rir1, Chpiva; -
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Then (N, 1oy Akt = 0. However, if

1 1 1
=\ g2 27229372 )

then for each n € N we have

=4/2(1 L
len — || = T on2 )

) 1
d(z, Ag) = ngifﬂ len — 2|l = llek+t — zl| = \/2 (1 - 2(k+l)/2>'

Therefore, limy, ;00 d(z, Ag) = V2 # d(z,0). This means that Wy — limy ;00 Agy # 0.

Hence,
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